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Abstract—This paper introduces a reduced-order aggregated
model for parallel-connected inverters controlled with virtual
oscillator control (VOC). The premise of VOC is to modulate
inverter dynamics to emulate those of nonlinear oscillators with
the goal of realizing a stable ac microgrid in the absence
of communication, synchronous generation, or a stiff grid. To
obtain a reduced-order model for a system of parallel-connected
inverters with VOC, we first formulate a set of scaling laws
that describe how the controller and filter parameters of a given
inverter depend on its voltage and power rating. Subsequently,
we show that N parallel inverters which adhere to this scaling
law can be modeled with the same structure and hence the
same computational burden of the model of a single inverter.
The proposed aggregate model is experimentally validated on
a system of three parallel inverters with heterogeneous power
ratings.

I. INTRODUCTION

To facilitate analysis of next-generation systems while tam-

ing model complexity, there is a need to obtain reduced-order

representations of multi-converter systems that capture their

dynamic characteristics with sufficient fidelity. This is true

in both grid-connected and islanded (microgrid) systems that

may contain large numbers of power electronics interfaces.

Towards that end, this paper is focused on the development of

a reduced-order aggregated model for collections of parallel

connected inverters controlled with a strategy called virtual

oscillator control (VOC) [1], [2]. The main idea behind

VOC is to modulate inverter dynamics to emulate nonlinear

oscillators, which when connected in an electrical network

realize a synchronous ac microgrid without external forcing

or communication channels. While similar to droop control in

application and steady-state performance, VOC is a real-time

control strategy, and can be engineered for improved time-

domain performance [3], [4].

Since VOC enables decentralized system architectures that

are modular and resilient, it is likely to be used in installations

that contain large numbers of parallel-connected inverters.

Accordingly, systems with VOC are expected to have non-

trivial modeling complexity associated with them and it is

necessary to develop modeling approaches that facilitate their

analysis. We formulate a reduced-order aggregated model

for N parallel-connected VOC inverters with heterogeneous

power ratings. In particular, we show that if the control and

physical parameters of each inverter adhere to a set of scaling

laws (see Fig. 1a), then the dynamics of a multi-inverter

system can be modeled exactly as one aggregated equivalent

inverter model (see Fig. 1b). Hence, the proposed modeling

approach reduces modeling complexity by a factor of 1/N
while preserving the dynamic response at the system output

terminals.

Traditionally, the majority of work on aggregate models

has been focused on bulk systems where machine dynamics

are of particular interest [5]–[8]. Literature pertinent in theme

and application to the present work relates to reduced-order

models for collections of droop-controlled inverters [9]–[11]

and machines [12]–[14]. An impedance-based analysis was

applied in [15] to obtain an aggregate model for collections of

identical grid-connected inverters with current control. Along

similar lines, a lumped-parameter and time-domain reduced-

order model was recently proposed [16], [17] for systems of

grid-following inverters (i.e., inverters controlled with a phase-

locked loop and current control). There are also reduced-order

models of droop-controlled inverters in islanded settings [18]–

[20].

Although the formulation in [16] is inspirational since we

leverage a similar set of scaling laws, our contribution here is

distinct since we analyze a fundamentally different controller,

namely VOC, for microgrid applications. This paper offers

the following unique contributions in comparison to existing

literature: i) we formulate a set of scaling laws that are

applicable individual to inverters with VOC, ii) we prove

that N heterogeneous inverters that adhere to the proposed

scaling laws can be modeled as a single aggregated equiv-

alent inverter whose physical and control structure mirrors

that of an individual inverter (albeit with some parametric

scalings), iii) the analytical model is simulated and compared

to measurements from a multi-inverter hardware setup, and

iv) a sensitivity study shows our aggregated model is robust

to parameter mismatch. Taken together with prior reduced-

order modeling methods for droop-controlled inverters, and

grid-following inverters, this paper adds to the literature on

modeling of complex power-electronics systems.

The remainder of this paper is structured as follows: The978-1-5386-5541-2/18/$31.00 c©2018 IEEE
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Fig. 1: (a) Diagram of scalable model for a single inverter with VOC, where μp and μv are the power and voltage scaling

factors, respectively. (b) A system of N parallel VO-controlled inverters with heterogeneous power ratings can be modeled

equivalently as an aggregated inverter with the same model structure as any individual inverter.

VOC control strategy and inverter model are introduced in

Section II. In Section III, we define the proposed scaling laws

and show that N parallel inverters with VOC can be modeled

as an aggregated equivalent. Experimental results are given in

Section IV and concluding remarks are in Section V.

II. UNSCALED VOC INVERTER MODEL

In this section, we describe the unscaled VOC inverter

model. This will be subsequently leveraged to derive the scaled

model and the aggregation result.

A. Description of Inverter Model and Controller

In order to scale the VOC inverter to the required power

and voltage ratings, we begin by introducing power- and

voltage-scaling factors, μp, and μv, respectively that will be

applied in scaling different controller gains and parameters in

the inverters (formally introduced in the next section). First,

consider the unscaled model of an inverter controlled with

VOC. This system is illustrated in Fig. 1a for the case where

the power and voltage scaling factors are set to unity (i.e.,

μp = μv = 1). The inverter model includes a single-phase

power stage with an RL filter (Lf , and Rf ) and a closed-loop

controller that realizes a discretized version of the nonlinear

oscillator dynamics for control. The oscillator-based controller

contains: i) a harmonic LC oscillator with resonant frequency

ω∗ = 1/
√
LC, ii) a nonlinear voltage-dependent current

source, g(vC), where vC is the voltage across the capacitor,

and iii) a negative conductance element, −σ. The virtual

oscillator is coupled to the power stage through the voltage

and current gains, κv, and κi, respectively. In particular, the

inverter output current, i, is multiplied by κi and this is then

extracted from the virtual oscillator circuit, i.e, the signal,

κii is passed to the virtual oscillator circuit as the input.

The output voltage of the virtual capacitor, vC is scaled by

κv to obtain the voltage command v. We assume that the

commanded voltage, v, appears at the H-bridge terminals via

pulse width modulation (PWM).

B. Dynamics of Inverter Model

The dynamics of the virtual inductor current, iL, and

capacitor voltage, vC, are

i̇L =
1

L
vC,

v̇C =
1

C
(−g(vC) + σvC − iL − κii) ,

(1)

where g : R → R is constructed to satisfy the following

conditions in Liénard’s theorem for existence of a unique,

stable limit cycle [21]:

1) g(vC) is continuously differentiable ∀vC,

2) g(vC) is an odd function (i.e. g(−vC) = −g(vC), ∀vC),

3) g(vC) > 0 for vC > 0.

In addition to this, we assume that

g(x)− g(y) = (x− y) f(x, y), ∀x, y,
for some real-valued function f(x, y). Lastly, the dynamics of

the output filter are described by

i̇ =
1

Lf
(−Rf i+ κvvC − vb) , (2)

where vb is the AC bus voltage. Equations (1) and (2) consist

the dynamics of the unscaled VOC inverter.

III. INVERTER SCALING AND AGGREGATE MODEL FOR

MULTI-INVERTER SYSTEM

In this section, we begin by formally defining the power-

and voltage-scaling factors of the VOC inverter model, and

establishing the relationship between the states in the scaled

and unscaled models. After specifying the proposed scaling

law, we present the main result on inverter aggregation for

parallel-connected inverters as illustrated in Fig. 1b.

A. Scaling of inverter

The power scaling factor μp, and the voltage-scaling factor

μv, are defined as

μp :=
prated
pbase

, μv :=
vrated
vbase

, (3)

where prated and vrated are the rated power and voltage, re-

spectively, of a given inverter, and pbase and vbase are system-

wide base values (they may be assumed to be the ratings of a
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nominal unscaled inverter). As shown in Fig. 1a, we obtain the

scaled inverter model by modifying the following parameters:

(κv, κi, Rf , Lf)→
(
κvμv, κi

μv

μp
, Rf

μ2
v

μp
, Lf

μ2
v

μp

)
. (4)

Let isL, v
s
C, i

s be the virtual-oscillator inductor current, virtual-

oscillator capacitor voltage, and output current of the scaled

inverter, respectively. The dynamics for the scaled inverter are

given by:

i̇sL =
1

L
vsC, (5)

v̇sC =
1

C

(
−g(vsC) + σvsC − isL −

μv

μp
κii

s

)
, (6)

i̇s =
μp

μ2
vLf

(
−μ2

v

μp
Rf i

s + μvκvv
s
C − μvvb

)
. (7)

The relationship between the states in the scaled and unscaled

inverter models is established below.

Proposition 1 (Scaled Inverter Model). Consider the dynami-

cal model for the unscaled VOC inverter in (1)–(2), and for the

scaled VOC inverter in (5)–(7). Suppose the initial conditions

at t0 ≥ 0 are such that isL(t0) = iL(t0), v
s
C(t0) = vC(t0), and

is(t0) =
μp

μv
i(t0). Then, we have ∀t ≥ t0

isL(t) = iL(t), vsC(t) = vC(t), is(t) =
μp

μv
i(t). (8)

Proof. Define x := [iL, vC, i]
T, xs := [isL, v

s
C, i

s]T, and scal-
ing vector η := [1, 1,

μp

μv
]T. We also define z := xs−diag(η)x,

with z� denoting the �-th entry of z. The dynamics of z are

given by

ż1 = i̇sL − i̇L =
1

L
vsC −

1

L
vC =

1

L
z1, (9)

ż2 = v̇sC − v̇C =
1

C

(
−g(vsC) + σvsC − isL −

μv

μp
κii

s

)

− 1

C
(−g(vC) + σvC − iL − κii)

= − 1

C
(g(vsC)− g(vC))︸ ︷︷ ︸

=:h(z2)

+
σ

C
z2 − 1

C
z1 − μv

μpC
κiz3, (10)

ż3 = i̇s − μp

μv
i̇ =

μp

μ2
vLf

(
−μ2

v

μp
Rf i

s + μvκvv
s
C − μvvb

)
− μp

μvLf
(−Rf i+ κvvC − vb)

= −Rf

Lf
z3 +

μpκv

μvLf
z2, (11)

where h(z2) = 0 when z2 = 0. If we initialize z(t0) =
xs(t0) − diag(η)x(t0) = 03, we have z(t) = 03, ∀t ≥ t0.

By the definition of z, we have isL(t) = iL(t), v
s
C(t) =

vC(t), i
s(t) =

μp

μv
i(t), ∀t ≥ t0.

This result implies that the scalings do not affect the

inherent dynamical behavior of the virtual-oscillator states,

while the current of the output filter is exactly scaled by the

ratio of the inverter rated current and the system-wide base

value for the current (see the definition of μp and μv in (3)).

B. Aggregation of Parallel-connected Inverters

Now, consider a collection of parallel inverters with het-

erogeneous power ratings. This is mathematically captured by

ascribing the (different) power-scaling factors μp1, . . . , μpN to

inverters in the multi-inverter system as illustrated in Fig. 1b.

Since all inverters are parallel connected, we assume they have

the same voltage rating, i.e. μv1 = . . . = μvN =: μv. Define

the equivalent power-scaling factor as μ̂p :=
∑N

�=1 μp�. The

relationship between the aggregated output current, denoted as

ie, and the net current produced by the multi-inverter system

is specified below.

Proposition 2 (Reduced-order Aggregate Model). Let i�
denote the output current of the �-th inverter. The equivalent

output current of the reduced order aggregated inverter model,

ie is given by

ie(t) =

N∑
�=1

i�(t), ∀t ≥ t0. (12)

Proof. Recall i is the current of the unscaled model. Using

the definition of μ̂p and the scaling of output currents in

Proposition 1, it follows ∀t ≥ t0 that:

ie(t) =
μ̂p

μv
i(t) =

N∑
�=1

μp�

μv
i(t) =

N∑
�=1

i�(t).

The above equation establishes the reduced-order aggregated

model for the parallel connected VOC inverters, and it is

illustrated in Fig. 1b.

IV. EXPERIMENTAL VALIDATION

To validate the proposed modeling framework, we will

compare waveforms obtained from the simulated reduced-

order inverter model to measurements obtained from a multi-

inverter hardware setup. We present two sets of experiments

in this section. In the first set, which we will call the nominal

case, all the parameters of the individual inverters follow the

scaling law. In the second set, we study the robustness of our

model to parameter mismatch by varying the filter parameters

of one inverter so that it does not follow the scaling law.

A. Experimental setup

The experimental system consists of three inverters (N = 3)

where each converter has a F28335 DSP controller and a

switching frequency of 25 kHz with unipolar PWM. Inverters

1, 2, and 3 have power ratings of approximately 50 W, 50 W,

and 25 W, respectively, and we arbitrarily pick the power base

value as pbase = 50W. As specified above, this implies power

scaling factors of μp1 = 1, μp2 = 1, and μp3 = 0.5 for

the multi-inverter system (it is worth noting that this natively

ensures proportional power sharing [1]), and μ̂p = 2.5 for the

aggregated equivalent inverter. In order to maintain identical

voltages at the load side, the voltage-scaling parameters are

kept the same for all inverters such that: μv = 1. The base

parameters utilized in the hardware are given in Table I.

The voltage-dependent current source, g(vC) is chosen as a
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deadzone nonlinearity which is parameterized by α,ϕ ∈ R+,

and defined as [1]:

g(vC) = f(vC)− αvC, (13)

where f(vC) is a dead-zone function with slope 2α :

f(vC) =

⎧⎪⎨
⎪⎩
2α(vC − ϕ), vC > ϕ

0, |vC| ≤ ϕ

2α(vC + ϕ), vC < −ϕ.
(14)

TABLE I: Virtual-oscillator control parameters.

Symbol Value Units

ωnom 2π60 rad/s

κv 63 V/V

κi 1.1875 A/A

σ 0.9 S

α 1 A/V3

ϕ 0.4695 V

C 0.1759 F

L 39.9 μH

Lf 6 mH

Rf 1 Ω

The aggregated model simulation is developed according to

the two propositions described in Section III. The dynamics

of the model are given by (5)–(7) with the scaling factor μp =
μ̂p = 2.5 and μv = 1. The corresponding equivalent current

is given by:

ie(t) =
μ̂p

μv
i(t) = 2.5i1(t), (15)

where i1(t) is the output current of inverter 1.

B. Nominal Case

In Fig. 2 we provide the measured waveforms alongside

the simulated waveforms of the aggregate inverter model

during load step changes. Fig. 2a shows a load step up event

and Fig. 2b shows a load step down event. The top plots

show the measured currents from each individual inverter.

The middle plots show the total measured current output

from the experiment and the equivalent inverter current from

the aggregated model simulation. The bottom plots show the

voltage of the experimental and aggregated model simulation.

From the plots, we observe that, both before and after the

load step change, the equivalent current from our model is

consistent with the total measured current output of the three

inverters, validating the propositions. The results in Fig. 2a

and 2b also show that our model performs well in both the

step-up and step-down events.

C. Impact of Filter Parameters

The aggregated model is developed based on the assumption

that each individual inverter has filter and control parameters

that follow the scaling law of Proposition 1. In practice,

this assumption may not hold. (Indeed, although the control

parameters can be programed to follow the scaling law, the

filter parameters of different inverter may not exactly follow

(a) Load step up at t = 0.

(b) Load step down at t = 0.

Fig. 2: Comparison of measurements obtained for a multi-

inverter hardware system and simulated waveforms from the

reduced-order aggregated inverter model. Waveforms during

a load step-up and step-down are shown in (a) and (b),

respectively. Top plots shows the measured currents from each

individual inverters; the middle plots show the measured total

current and the aggregated equivalent current; the bottom plots

show the bus voltages for the experimental and simulated

systems.

the scaling the law.) In order to show the impact of filter-

parameter mismatch on the performance of our aggregated

model, we run another set of experiments, where we changed

the filter parameters of the third inverter (rated at 25 W).

Instead of using the nominal filter parameters (Lf = 12mH,

and Rf = 2Ω) according to the scaling the law as stated

in (4), the filter parameters are reduced by half (Lf = 6mH,

and Rf = 1Ω).

We ran the same load step-change experiments as the base

case with the modified filter parameters. The results are shown

in Fig. 3. We observed that the equivalent current from our
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(a) Load step up at t = 0.

(b) Load step down at t = 0.

Fig. 3: Comparison of waveforms of the multi-inverter system

and reduced-order inverter model with the filter parameters of

inverter 3 reduced in half. Waveforms during a load step-up

and step-down are shown in (a) and (b), respectively.

aggregated model is still consistent with the total current

from experiment measurements, even with the filter parameters

being changed significantly. The model yields accurate results

both before and after the step changes, as well as both load

step-up and step-down events. This indicates that the proposed

model is robust to parameter mismatch.

To quantify the impact of filter-parameter mismatch on

the aggregated model, we calculated the root mean square

error (RMSE) of the total measured current between the

nominal case and the case with reduced filter parameters. The

measurements are passed through a low pass filter with a cutoff

frequency of 600Hz to get rid of the switching ripple. The

filtered total currents are used to calculate the RMSE for both

cases; shown in Table II. The results show that the RMSE are

very small which indicates that the aggregated model is robust

to parameter mismatch.

TABLE II: RMSE of the total measured currents between the

nominal case and and the case with reduced filter parameters.

Cases Changes RMSE

step up
before step change 0.0341
after step change 0.0357

step down
before step change 0.0306
after step change 0.0364

V. CONCLUSIONS

Power electronics that work in low inertia power systems are

becoming increasingly important. In this paper, we developed

a reduced-order model to capture the dynamics of an aggrega-

tion of heterogeneous parallel-connected inverters controlled

with virtual oscillator control (VOC). The proposed model

significantly reduces the model complexity of multi-inverter

systems while maintaining reasonable fidelity. The model

provides a building block for analyzing complex systems

composed of many VOC inverters. In future studies, we also

aim to extend the model for the system of inverters with

arbitrary electrical networks.
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