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Abstract—Ratings of utility-scale grid-tied photovoltaic (PV)
inverters are typically no more than 1MVA. This implies that a
large number of inverters are usually installed in utility-scale PV
energy-conversion systems. Given the complexity of inverter dy-
namic models (typical models are high dimension and nonlinear),
reduced-order models for inverters are critical for performance
assessment and accurate representation of PV-system dynamics
in the bulk power grid with limited computational burden. In
this paper, we formulate a reduced-order model for parallel-
connected grid-tied three-phase PV inverters that has the same
structure and model order as a single inverter. We adopt a single-
diode model for the PV modules, and each inverter is assumed to
be a single-stage dc-ac voltage-source converter with an input dc-
link capacitor and an LCL output filter. The control architecture
includes a maximum power point tracking (MPPT) algorithm, a
dc-link voltage controller, a reactive power controller, a current
controller, and a phase-locked loop for grid synchronization.
Numerical simulations demonstrate the computational benefits
and accuracy of the reduced-order model.

Index Terms—Maximum power point tracking, model reduc-
tion, photovoltaic inverter, three-phase inverter.

I. INTRODUCTION

In 2017, 31% of all U.S. capacity additions (corresponding
to 6.2 GW) were in the form of utility-scale photovoltaic (PV)
systems, and these accounted for 60% of newly installed solar
capacity [1]. Power-electronics inverters interface PV arrays
to the grid, and given typical ratings of constituent power-
semiconductor devices and filters, PV plants with as many as
thousands of inverters are not uncommon [2]. As PV plants
will serve a significant portion of loads in the future power
system, it is critical to develop scalable and accurate models
that capture the collective dynamics of inverters to facilitate
integration in bulk-system models.

With a view towards facilitating computationally inexpen-
sive modeling of utility-scale PV plants, this paper proposes
an aggregate reduced-order model for grid-tied three-phase
PV inverters. We focus on the voltage-source inverter (VSI)
model illustrated in Fig. 1. It is composed of a PV array, a dc-
link capacitor, output LCL filter, and the control architecture
includes a pulse width modulation (PWM) scheme, current
controller, a perturb & observe (P&O) maximum power
point tracking (MPPT) algorithm, dc-link voltage and reactive
power controllers, and a phase-locked loop (PLL) for grid
synchronization. This PV-inverter model (and closely related
variants) are fairly common in the literature [3]–[6]. The
corresponding state-space dynamic model for such an inverter
is nonlinear and has more than 10 dynamical states, which
implies that studying large collections of such inverters in a

PV system with all states explicitly modeled is not practical.
To address this issue, we derive a reduced-order model for
parallel-connected PV inverters that has the same structure
and order as the individual inverter. In other words, the
reduced-order model is also composed of (an equivalent)
PV array, dc-link capacitor, LCL filter, current controller,
MPPT algorithm, PLL, and dc-link-voltage and reactive-
power controllers. We provide pertinent scalings for controller
and filter parameters from the original inverter model so that
the corresponding reduced-order model precisely captures the
input-output behavior of the original system of paralleled
inverters. Our aggregation results focus on the following two
cases: the first case is when the PV arrays are uniformly
illuminated and all model and control parameters are homoge-
neous, and the second case is when the PV arrays are exposed
to different values of solar irradiance and the frequency and
perturbation size for the P&O MPPT algorithms are not all
the same.

Related prior work in this domain is predominantly focused
on reduced-order models for individual inverters [7]–[9]. Re-
cent work on reduced-order models for collections of grid-tied
inverters include [10]–[13], and models incorporating network
impacts include [14]–[16]. The reduced-order model proposed
in this work extends [10] to acknowledge the PV array, MPPT
algorithm, and dc-link capacitor dynamics. This work also
differs from the aggregated models for PV inverters studied
in [12], since it provides a systematic way of scaling the
PV and control parameters based on the number of inverters.
The reduced-order model has similar model complexity as
a synchronous machine model, and thus facilitates the accu-
rate representation of PV plants in bulk transmission-scale
models with limited computational burden. In this regard, we
anticipate applications for the reduced-order model in power
quality studies [17], stability analysis for systems with high
PV penetration [18]–[20], and evaluating opportunities for
frequency support by PV systems [21]. Finally, with minor
extensions, the general aggregation strategy outlined here can
also be extended to grid-forming controllers, see, e.g., [22].

The remainder of this paper is organized as follows. In
Section II, we introduce the grid-tied three-phase PV inverter
model. In Section III, we derive the reduced-order model for
parallel-connected PV inverters in the homogeneous setting,
and describe extensions to the model for different solar
irradiance and parameters of the MPPT algorithms. In Sec-
tion IV, we provide comparative numerical simulations of
a parallel-connected system and its corresponding reduced-
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order model. Concluding remarks and directions for future
work are provided in Section V.

II. MODEL DESCRIPTION

A block diagram illustrating the PV array, feedback con-
trollers, and output filters in the grid-tied three-phase voltage-
source inverter (VSI) is given in Fig. 1. The controllers consist
of a phase-locked loop, a maximum power point algorithm,
a dc-link & power controller, and a current controller. The
PV inverter is assumed to operate at unity power factor. We
briefly overview important attributes of this model next.

A. Model of PV Array

Each inverter is connected to an array composed of Np

strings of Ns series-connected modules. We adopt a single-
diode model with a parallel output resistance, Rp, for each
module [23], [24]. The output current of the PV array is:

ipv = Np

(
iph − irs

(
e

q vdc
NmKTNs − 1

)
− vdc

NsRp

)
, (1)

where iph is the photocurrent that depends on the solar
irradiance, irs is the reverse saturation current, q is the
electron charge, vdc is the voltage across the dc-link capacitor,
Nm is the number of cells in a module, K is the Boltzmann
constant, and T is the surface temperature of the module.

B. Dc- and ac-side Filters

The inverter is composed of two filters, a dc-side capacitive
filter and an ac-side LCL filter. The LCL filter (Li, Cf , Lg)
connects the switched terminal of the voltage-sourced inverter
(VSI) to the grid. The states of the filter are the inverter
terminal currents idi and iqi , where superscripts d and q denote
the d- and q- components of the current, the filter voltages
vdf and vqf , and output currents ido and iqo (transforming the
balanced three phase signals to the dq-reference frame is
done using Park’s Transformation; see [10], [25] for details).
Denote idqi := [idi , i

q
i ]

T, idqo := [ido , i
q
o]

T, vdqi := [vdi , v
q
i ]

T,
vdqf := [vdf , v

q
f ]

T, and vdqg := [vdg , v
q
g ]

T. The dynamics of the
states corresponding to the LCL filter in the dq domain are:

i̇dqi =
1

Li
(−Rii

dq
i + vdqi − vdqf ) + ΓωPLLi

dq
i , (2)

i̇dqo =
1

Lg
(−Rgi

dq
o + vdqf − vdqg ) + ΓωPLLi

dq
o , (3)

v̇dqf = Rf(i̇
dq
i − i̇dqo )− ΓωPLLRf(i

dq
i − idqo )

+
1

Cf
(idi − idqo ) + ΓωPLLv

dq
f , (4)

where Γ =

[
0 1
−1 0

]
, and ωPLL denotes the PLL frequency.

The dc-link capacitor, Cdc, interfaces the PV array to the
inverter. It is designed to minimize the current ripple imposed
on the PV array. The state of the filter is the energy stored
in the capacitor, edc := v2dc. Assuming lossless operation of
the switches in the VSI, the dynamics of edc are:

ėdc =
1

Cdc
(ppv − pi), (5)

where ppv and pi denote the power sourced by the PV array
and the real power calculated at the terminals of the inverter:

ppv = vdcipv, pi =
3

2
(vdi i

d
i + vqi i

q
i ). (6)

C. Phase-locked Loop (PLL)

The PLL consists of a PI controller (with PI gains kpPLL and
kiPLL) and a low pass filter (with cut-off frequency of ωc,PLL).
The output of the PI controller is the PLL frequency:

δ̇ =: ωPLL = 2π × 60− kpPLLvPLL − kiPLL

∫
vPLLdt, (7)

where vPLL denotes the output of the low pass filter with the
following dynamics:

v̇PLL = ωc,PLL(v
d
g − vPLL). (8)

The PLL dynamics ensure that vdg → 0, which amounts to
tracking the phase-a grid-side voltage. To simplify notation
in subsequent developments, we define the following: φ̇PLL =
−vPLL.

D. Maximum Power Point Tracking (MPPT) Algorithm

We assume that the perturb and observe (P&O) algorithm is
utilized to track the maximum power point (MPP). The basic
premise of this algorithm is to perturb the dc-link voltage
reference in a direction to increase the power drawn from the
PV array. To facilitate computations with accuracy, a low-
pass filter with cut-off frequency, ωc,pv, yields an averaged
PV output power, ppv,avg, that is utilized in the algorithm:

ṗpv,avg = ωc,pv(ppv − ppv,avg). (9)

The update for the dc-link voltage reference is given by: [26]

v�dc(t+τ) = v�dc(t)+ρ·sgn(Δvdc(t))sgn(Δppv,avg(t)), (10)

where ρ denotes the perturbation size, τ denotes the pertur-
bation period, sgn(·) denotes the signum function, and

Δvdc(t) = vdc(t)− vdc(t− τ), (11)
Δppv,avg(t) = ppv,avg(t)− ppv,avg(t− τ), (12)

denote the change in dc-link voltage and corresponding
change in averaged PV output power, respectively.

E. Dc-link & Power Controller

The controller consists of a dc-link voltage controller and
a reactive power controller. The dc-link voltage controller is
composed of a PI controller (with PI gains kpVC and kiVC).
The reference to the controller is the dc-link energy setpoint,
e�dc, which is equal to the square of dc-link voltage setpoint,
v�dc, i.e., e�dc = v�2dc . The output is the reference for iqi :

iq�i = −kpVC(e
�
dc − edc)− kiVC

∫
(e�dc − edc) dt. (13)

The reactive power controller is composed of a PI controller
(with PI gains kpQ and kiQ) and a low-pass filter (with cut-
off frequency ωc,Q). If the inverter operates at unity power
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Fig. 1. Block diagram of the grid-tied three-phase PV inverter (left) and shorthand representation adopted for the same (right). The PV array is represented
with a single-diode model. A single leg of the LCL filter corresponding to the a phase is depicted. Variables super-scripted by a, b, c denote the time-domain
ac waveforms for the respective phases, while those super-scripted by d, q correspond to those in the dq reference frame computed with the PLL angle, δ
serving as the transformation angle. The inverter subsystems are marked with the corresponding subsection labels in Section II to facilitate exposition.

factor, the reactive power reference is zero. The output is the
reference for idi :

id�i = −kpQqavg − kiQ

∫
qavg dt, (14)

where qavg is the output of the low pass filter:

q̇avg = ωc,Q(q − qavg), (15)

where q is the instantaneous reactive power at the output:

q =
3

2
(vqg i

d
o − vdg i

q
o). (16)

We define the following variables to simplify notation subse-
quently: φ̇dc = e�dc − edc, φ̇q = −qavg.

F. Current Controller

The current controller consists of two PI controllers (with
PI gains kpCC and kiCC), with output to be the reference for
the inverter terminal voltage, vd�i and vq�i :

vd�i = kpCC(i
d�
i − idi ) + kiCC

∫
(id�i − idi ) dt− ωPLLLf i

q
i ,

vq�i = kpCC(i
q�
i − idi ) + kiCC

∫
(id�i − idi ) dt+ ωPLLLf i

d
i .

(17)

These voltage references are assumed to be instantaneously
realized at the switched terminals of the VSI. To facilitate
discussion, we define: γ̇d = id�i − idi , γ̇q = iq�i − iqi .

G. State-space Representation

The dynamics of the inverter can be represented in a com-
pact state-space form as follows: ẋ = Ax+ g(x, u1, u2, u3),
where the states and inputs are:

x = [idi , i
q
i , i

d
o , i

q
o, v

d
f , v

q
f , edc, ppv,avg, φdc,

qavg, φq, γ
d, γq, vPLL, φPLL, δ]

T, (18)

u1 = v�dc, u2 = [vag , v
b
g , v

c
g]

T, u3 = iph. (19)

Note that the dc-link voltage setpoint, v�dc, is obtained from
the MPPT algorithm. Entries of A ∈ R

16×16 and g : R16 ×
R

3 × R→ R
16 are in the Appendix.

III. REDUCED-ORDER AGGREGATED MODEL

We now derive a reduced-order aggregate model for a
collection of N identical inverters with the same PV array
configuration, connected in parallel. Following this homo-
geneous setup, we briefly overview some practicalities for
heterogeneous settings.

A. Aggregation in Homogeneous Settings

In order to derive the aggregate reduced-order model, we
scale the following parameters corresponding to the inverter
controllers and PV array:(

irs, Rp, Cdc, Li, Cf , Lg, k
p
VC, k

i
VC, k

p
CC, k

i
CC

)→ (Nirs,

Rp

N
,NCdc,

Li

N
,NCf ,

Lg

N
,NkpVC, NkiVC,

kpCC

N
,
kiCC

N

)
.

Parameters not mentioned above are unchanged. In particular,
note that the PLL and reactive power controller parameters,
and the frequency of any low pass filter are unchanged. With
these scaled parameters, the resulting aggregate reduced-order
model is illustrated in Fig. 2. We draw attention to the fact
that this model has the same model order and structure as any
individual PV inverter model in the parallel setup. Certain
aspects of this model derive straightforwardly from elemen-
tary circuit theory. This is particularly obvious for the PV
array and the output LCL filter. Given the parallel setup, we
can see that the impedance corresponding to the LCL output
filter in the reduced-order aggregate model is 1/N of that in
the individual inverter. Similarly, the equivalent PV array for
the aggregation is obtained from a parallel connection of N
single-diode models for the individual arrays.

Formally, the dynamical model of the reduced-order equiv-
alent has the following state-space form: ẋr = Arxr +
gr(xr, ur

1, u
r
2, u

r
3), where the states and the inputs are:

xr = [id,ri , iq,ri , id,ro , iq,ro , vd,rf , vq,rf , erdc, p
r
pv,avg, φ

r
dc,

qravg, φ
r
q, γ

d,r, γq,r, vrPLL, φ
r
PLL, δ

r]T, (20)

ur
1 = v�,rdc , ur

2 = [vag , v
b
g , v

c
g]

T, ur
3 = Niph. (21)

All signals above with superscript r correspond contextually
to their counterparts for the individual inverter model as

978-1-7281-0494-2/19/$31.00 ©2019 IEEE 0726

Authorized licensed use limited to: University of Washington Libraries. Downloaded on February 10,2022 at 21:46:43 UTC from IEEE Xplore.  Restrictions apply. 



Fig. 2. Reduced-order aggregated PV inverter model for N parallel-connected inverters (left) and its adopted shorthand (center). This model precisely captures
the output current and power injected by the parallel combination of N PV inverters (right). Scaling of parameters corresponding to equivalent PV array and
LCL filter acknowledge the parallel interconnection of pertinent circuit elements.

discussed in Section II. For instance, v�,rdc denotes the dc-
link voltage reference for the reduced-order model, generated
from the corresponding MPPT algorithm. Inputs also have
the same connotation, except notice that ur

3 captures N times
the photocurrent, iph. The matrix Ar ∈ R

16×16 and function
gr : R

16 × R
3 × R → R

16 have the same structure and
dimension as A and g.

We now establish the main result of this paper, whereby
the current- and power-related states of the reduced-order
aggregate model are noted to be N times those in the
individual inverter model, while the voltage- and PLL-related
states are the same.
Lemma 1. Consider the state-space model for the individual
PV inverter. Permute x in (18) as

x̂ = [idi , i
q
i , i

d
o , i

q
o, ppv,avg, qavg, φq, γ

d, γq,

vdf , v
q
f , edc, φdc, vPLL, φPLL, δ]

T, (22)

and also permute xr in (20) the same way, denoting the per-
muted vector by x̂r. Suppose the initial conditions at time t0
are such that x̂r(t0) = diag(ψ)x̂(t0), where ψ := [�T

9 ,�
T
7 ]

T,
and the inputs are ur

1 = u1, u
r
2 = u2, u

r
3 = Nu3. It follows

that ∀t ≥ t0, x̂r(t) = diag(ψ)x̂(t). In other words, the states
of the reduced-order model and the individual inverter model
are related as follows ∀t ≥ t0:

[id,ri , iq,ri , id,ro , iq,ro , prpv,avg, q
r
avg, φ

r
q, γ

d,r, γq,r]T

= N [idi , i
q
i , i

d
o , i

q
o, ppv,avg, qavg, φq, γ

d, γq], (23)

[vd,rf , vq,rf , erdc, φ
r
dc, v

r
PLL, φ

r
PLL, δ

r]T

= [vdf , v
q
f , edc, φdc, vPLL, φPLL, δ]. (24)

Proof. This can be proved in the same manner as in [10].

B. Aggregation in Heterogeneous Settings

We look into the following heterogeneous settings: #1) In-
verters have different perturbation size and frequency for the
P&O MPPT algorithm. #2) Inverters are exposed to different
values of incident irradiance. For case #1, the dc-link voltage
reference for the reduced-order model is updated in the same
manner as (10), except, with perturbation size, ρ, and period,
τ , selected to be the average of the perturbation size and
period for the individual PV inverters. For case #2, the irradi-
ance for the reduced-order model is the sum of the irradiance
values of the individual inverters. While we are only able to

analytically establish dynamic scaling of pertinent states in the
homogeneous setting (see Lemma 1), the approach suggested
above to contend with heterogeneity is empirically established
through simulations to yield acceptable performance.

IV. SIMULATION RESULTS

We compare results from simulating all the dynamics of
a system of N = 10 parallel-connected PV inverters and
the corresponding reduced-order aggregated model. Parame-
ters are adopted from the Schneider Electric Conext CL125
string inverter [27] (power rating 125 kW and voltage rating
600V(rms)) and the First Solar FS-6420 [28] PV module
(power rating 420W and open-circuit voltage 218.5V). The
PV array interfaced to each inverter consists of Np = 60
strings, with each string comprising Ns = 5 series-connected
PV modules. Filter and controller parameters are in Table I.
These parameters are a scaled version of those in [11].

The solar irradiance data for this simulation is sourced
from NREL’s Oahu Solar Measurement Grid on July 24,
2011, for the time period 09:30:00 to 09:30:10 AM [29]. The
data is then interpolated from 1- to 0.1-second step intervals
(see Fig. 3a). We consider the following cases: #1) For
all inverters, the period and perturbation size of the MPPT
algorithm are selected to be uniformly distributed between
5− 10ms and 50− 70mV, respectively. #2) Same setup as
#1, but the solar irradiance corresponding to each inverter
varies between ±20% of the nominal value as shown in
Fig. 4a (for three selected inverters). The simulations were
performed on a personal computer with an Intel Core i7-
7700HQ processor (2.80GHz CPU with 8GB RAM) using
the ODE23 solver in MATLAB.

TABLE I
CONTROLLER AND FILTER PARAMETERS

dc- and ac-side dc-link & Power PLLFilters Controllers
Li 23.1μH kpVC 0.0865A/V2 kpPLL 0.735 rad/V

Ri 0.016Ω kiVC 0.865A/(V2s) kiPLL 5.88 rad/(V · s)
Cf 0.216mF kpQ 0.0059V−1 ωc,PLL 7854 rad/s

Rf 0.462mΩ kiQ 0.059 (V ·s)−1

Lg 23.1μH ωc,Q 50.26 rad/s MPPT
Rg 2.77mΩ ωc,pv 50.26 rad/s
Cdc 0.1mF Current Controller

kpCC 0.6V/A
kiCC 35V/(A · s)
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Fig. 3. (a) Incident solar irradiance. Simulation results for case #1 comparing the multi-inverter system and the corresponding reduced-order model of
(b) dc-link voltage, (c) averaged PV power, and (d) injected real power to the grid.

Fig. 4. (a) Incident solar irradiance for selected inverters. Simulation results for case #2 comparing the multi-inverter system and the corresponding reduced-
order model of (b) dc-link voltage, (c) averaged PV power, and (d) injected real power to the grid.

The results for case #1 are shown in Figs. 3b–3d. Figure 3b
shows the dc-link voltage of three inverters (selected arbitrar-
ily) in the parallel system and that of the reduced-order model.
Figure 3c compares the total averaged PV output power
(ppv,avg) of the inverters in the system and the reduced-order
model, and Fig. 3d plots the total injected real power to the
grid of the multi-inverter system and the reduced-order model.
Results indicate that despite variations in the operation of the
MPPT algorithm in the inverters, the reduced-order model
captures the total power of the parallel system closely. The
results for case #2 are shown in Figs. 4b–4d. These figures
establish the accuracy of the reduced-order model in spite of
differences in the MPPT algorithm and solar irradiance. The
computation times to simulate dynamics of all the inverters
and that required for the reduced-order model for case #1
are 966.8 s and 91.2 s, respectively, and those for case #2 are
1128.9 s and 133.0 s, respectively. This clearly demonstrates
the computational benefit of the aggregate model.

V. CONCLUDING REMARKS

In this paper we proposed a reduced-order aggregated
model for parallel-connected three-phase PV inverters. We
derived parametric scalings that allow one to represent a
collection of N such inverters as a single aggregated inverter
with the same structure and model order as that of an individ-
ual inverter. Future work will focus on developing analytical
results for heterogeneous settings and applying these models
to explore the performance of PV inverter systems alongside
bulk-grid dynamics, particularly in low-inertia settings.
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APPENDIX

Partition the state vector as x = [xT
LCL, x

T
dc, x

T
RC, x

T
CC,

xT
PLL]

T, where xLCL := [idi , i
q
i , i

d
o , i

q
o, v

d
f , v

q
f ]

T, xdc :=
[edc, ppv,avg, φdc]

T, xRC := [qavg, φq]
T, xCC := [γd, γq]T,

and xPLL := [vPLL, φPLL, δ]
T. The inverter dynamics are⎡

⎢⎢⎢⎢⎣
ẋLCL

ẋdc

ẋRC

ẋCC

ẋPLL

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣
ALCL Adc

LCL ARC
LCL ACC

LCL 0
0 Adc 0 0 0
0 0 ARC 0 0

ALCL
CC Adc

CC ARC
CC 0 0

0 0 0 0 APLL

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
xLCL

xdc

xRC

xCC

xPLL

⎤
⎥⎥⎥⎥⎦

+ g(x, u1, u2, u3),

where the nonzero submatrices are given by

ALCL =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−Ri+kp
CC

Li
0 0

0 −Ri+kp
CC

Li
0

0 0 −Rg

Lg

0 0 −2π × 60

−Rf (k
p
CC+Ri)

Li
+ 1

Cf
−(2π × 60)Rf

RfRg

Lg
− 1

Cf

(2π × 60)Rf −Rf (k
p
CC+Ri)

Li
0

0 − 1
Li

0

0 0 − 1
Li

2π × 60 1
Lg

0

−Rg

Lg
0 1

Lg

0 −Rf

Li
− Rf

Lg
2π × 60

RfRg

Lg
− 1

Cf
−2π × 60 −Rf

Li
− Rf

Lg

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Adc
LCL =

⎡
⎢⎢⎢⎢⎢⎣

0 0
kp
CCkp

VC

Li
0 −kp

CCki
VC

Li

0 0 0
0 0 0

kp
CCkp

VCRf

Li
0 −kp

CCki
VCRf

Li

⎤
⎥⎥⎥⎥⎥⎦ ,
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ALCL
CC =

[−1 0 0 0 0 0
0 −1 0 0 0 0

]
, Adc

CC =

[
0 0 0

kpVC 0 −kiVC

]
,

ARC
LCL =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−kp
CCkp

Q

Li

kp
CCki

Q

Li

0 0
0 0
0 0

−kp
CCkp

QRf

Li

kp
CCki

QRf

Li

0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, ACC

LCL =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

ki
CC

Li
0

0
ki
CC

Li

0 0
0 0

ki
CCRf

Li
0

0
ki
CCRf

Li

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Adc =

⎡
⎣ 0 0 0

0 −ωc,pv 0
−1 0 0

⎤
⎦ , ARC =

[−ωc,Q 0
0 −1

]
,

ARC
CC =

[−kpQ kiQ
0 0

]
, APLL =

⎡
⎣−ωc,PLL 0 0

−1 0 0
−kpPLL kiPLL 0

⎤
⎦ .

Let g� denote the 
-th entry of the function g(x, u1, u2, u3).
The nonzero entries of g(x, u1, u2, u3) are given by

g2 = −kpCCk
p
VC

Li
v�2dc , g8 = ωc,pv

√
edcipv, g9 = v�2dc ,

g3 = (−kpPLLvPLL + kiPLLφPLL)i
q
o −

1

Lg
vdg , g13 = −kpVCv

�2
dc

g4 = (kpPLLvPLL − kiPLLφPLL)i
d
o −

1

Lg
vqg ,

g5 = (−kpPLLvPLL + kiPLLφPLL)(−Rf i
q
i + vqf ) +

Rf

Lg
vdg ,

g6 = (kpPLLvPLL − kiPLLφPLL)(−Rf i
d
i + vdf ) +

Rf

Lg
vqg

− Rfk
p
CCk

p
VC

Li
v�2dc , g7 =

1

Cdc
(
√
edcipv − 3

2
(vdi i

d
i + vqi i

q
i )),

g10 =
3

2
ωc,Q(v

q
g i

d
o − vdg i

q
o), g14 = ωc,PLLv

d
g , g16 = 2π × 60.
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